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Abstract

For any positive element g of G, g"*Hg C H holds, but H is not normal; that is, there exists a
negative element g; such that g; 'Hg, ¢ H. We construct an example of such a subgroup H of
a totally ordered group G. If we bi-order the free group F' generated by {a, b} by the method of
Magnus ordering, then H = (b'+) and g1 = a~! give an example satisfying the above condition.
As a lemma for this, let F be the free group generated by X, z € X, and U C z; we show that
there exists a subset of 2/ which freely generates (U).
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0 Relation with Hyperoperations

Hyperoperations satisfy the identity m[r + 1](n+ 1) = m[r|(m[r + 1]n) for any natural numbers
m,n and positive r. If we set a,, = m[r+1|n and f(n) = m[r|n, then this becomes the recurrence
relation a,+1 = f(an). Therefore, in order to extend the sequence of hyperoperations, it is
necessary to study the properties of this recurrence.

By repeatedly applying a,+1 = f(ay), one finds that a,,+, = f™(a,) for any positive integer
m. This can equivalently be stated as that a,, = a, = ay1x = anik for any positive integer
k.

Moreover, for some ay,, if there exists a k such that f*(a,) = a,, then we call k a period. The
set of periods P(a), which for convenience we allow to include 0 and disregard the distinction
between positive and negative, is given by

P(a) = {k |k >0,3n € Z, f*(an) = a,} U{0} U {~k | k > 0,3n € Z, f*(a,) = an} (1)
={k|k>0,In€Z,ank =an,} U{0FU{=k |k >0,In € Z,apir = an} (2)
={m—-—n|m—-—n>0,ap4m-n=0an} U{0}U{=(m—n)|m—n>0,an+m—n = an}

={m—-—n|m>n,ayn =a,} U{0}U{n—m|n <m,a, =an}
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:{m—n|am=an}.

The periods P(a) is a subgroup of Z.
By extending the domain of a from the integers to the real numbers, and requiring that
a(x) = aly) = a(zx+ 2z) = a(y + 2) for any z > 0, and defining P(a) = {x —y | =,y €



R,a(z) = a(y)}, we obtain a real-number version of the recurrence-like structure. It is easy to
see that P(a) is a subgroup of R.

This can also be interpreted as follows: if we regard the variable of a as time, then starting
from the same state, the system reaches the same state after the same amount of elapsed time.

There are cases where a has infinitely small periods, such as when a : R - R/Q, z+— z+Q.
In this case, P(a) = Q.

We now consider extending the domain of a further to a totally ordered group G. Since a
totally ordered group is not necessarily commutative, we require that a(g) = a(h) = a(fg) =
a(fh)and a(gf) = a(hf) for any f > 1, and define P(a) = {g~*h | g,h € G,a(g) = a(h)}.

In this setting, if G is a BO-group, then P(a) is a subgroup of G. Moreover, it can be shown
that g~ 'P(a)g C P(a) holds for any g > 1. In commutative cases such as Z or R, the above
property is evident without the need for discussion. This is the content of the previous article
.

The property of P(a) stated above is weaker than the condition that a subgroup H is normal,
namely, that g~'Hg C H for every g € G (including both positive and negative elements). The
question we now address is whether situations can exist in which the former condition holds
while the latter does not.

1 A Fee Subgroup Is Not Necessarily Normal

Definition 1.1. Let G be an LO-group and H < G. If for every positive element g of G we
have g~'Hg C H, then H is said to be fee, and we write H <T G.

We would like to show that a fee subgroup is not necessarily normal. Since any subgroup of
a commutative group is normal, we first need to construct a non-commutative LO-group.

Let F' be the free group generated by {a,b}. Of course, F' is non-commutative. We bi-order
F by the method of [4, Definition 3]. For subsets S,T C F, we write T° = {t* | s € S,t € T} =
{s7ts | s € S,t € T}. We also write t° instead of {t}*. For a totally ordered group G, let
Gy ={g € G| g > 1}. The subgroup (b'*) is the smallest fee containing b [I], but it seems
not to contain aba~!. If that is the case, then (b'*+) is not normal. To show this, we need to
examine what kind of set freely generates (bf+).

The following content is a summary of [5, pp. 4-8|. Let F be a free group. For U C F,
define U™! = {u™! | u € U}. From now on, we identify U with the vector listing all of its
elements, (ug,us,...). Moreover, we do not distinguish between U and UUU !, and we assume
that if w € U then u~! € U as well. A subset U C F is said to be N-reduced if, for any
v1,v2,v3 € U, the following three conditions hold:

(NO) v1 # 1
(N1) vyvg # 1 implies |vive| > |v1], |val;
(N2) vivg # 1 and vavsg # 1 implies |vivovs| > |v1| — |v2] + |vs].

A subset U freely generates (U) (that is, it satisfies only the trivial relations u;u; ' = 1) if and
only if for n > 1, if for each ¢ we have u; € U and w;u;y1 # 1, then uy---u, # 1. If U is
N-reduced, then in the product u; - - - u, none of the elements u; are completely canceled, so we
have |uj - - - up| > n > 1, and hence uq - - - u, # 1.

A Nielsen transformation for U = (uj,ua,...) C F is defined as the composition of the
following three types of transformations:



(T1) replace some u; by u;l;

(T2) replace some u; by u;ju; where j # i;
(T3) delete some wu; where u; = 1.

Replacing u; with wju; can be achieved as the composition of (T1) and (T2). When U is
finite, by applying these three types of transformations finitely many times, we can obtain an
N-reduced set V such that (V') = (U). By applying (T2) whenever |u;u;| < |u;|, and continuing
this process until no element can be further shortened, we can make U N-reduced. A similar
argument also applies when U is infinite.

The above is a summary of [5, pp. 4-8]. Now, when performing a Nielsen transforma-
tion on b = (s71b%sy, 85 b 28, ... ), if |5;1bei815;1bejsj\ < |s;'b¢isi], then since s; 'b%s;
is symmetric in form, we may perform the same operation once more on the left to obtain
sj*lb_ef sjsiflbeisis;lbej sj whose length appears to be even shorter than that of s{lbei sisglbeﬂ' 5j.
That is, whenever we perform the replacement u; — u;uj, we always follow it by u;u; — uj_luiuj.
Hence, by modifying (T2), we consider only the following three types of transformations:

(T1) replace some u; by u;l;

(T2%) replace some u; by uj_luin where j # i;
(T3) delete some wu; where u; = 1.

Using only this combination of transformations, b+ can be transformed into an N-reduced set
V, and in that case, V becomes a subset of b¥". This is the idea of the present discussion.

Although this is not necessary for proving the main claim, we shall first write down the proof
that a Nielsen transformation can convert U into a set V' which freely generates (U), given in
[6] for the finite case of U and in [7] for the infinite case. This will make it easier to understand
the argument by comparison.

For a free group F' generated by a set of letters X, we define an order < on {{w,w™'} |w €
F'} as the following. For w € F we define L(w) as the left half of the reduced form of w, where
it contains the central letter if |w| is odd. Also, let X U{a™' | @ € X} has a lexicographical
order. We define {wy,w; '} < {wq,wy'} if and only if: |wi| < |wa|, or else |wi| = |ws| and
min{L(w), L(w; ")} < min{L(ws), L(w; )} on the lexicographical order, otherwise both are
equal and max{L(w;), L(w; ")} < max{L(ws), L(wy")}, if not so both are also equal, that is
w1 = wy. In addition , we write w1 =< wo when {wl,wl_l} = {wg,wgl}. Under this definition,
for U C F and u € (U) we define

a(u,U)={veU|v=<u}),AU)={ue{U)]|u¢a(u,U)}. (6)

Then the followings hold.

|lwi| < |w2] = w; < wa: It’s obvious from the definition.

< is a well-order: Let U be a non-empty subset of F. Firstly, since N is well-ordered,
n = min{|u| | v € U} exists. Then {u € U | |u| = n} has a least element as it’s finite. The
element is also the least element of U because |wi| < |wa| = w1 < wo.

(A(U)) = (U): From the definition A(U) C (U), so (A(U)) C (U). Assume (A(U)) C (U).

Then (U) — (A(U)) is not empty. It has a least element u because < is a well-order. As u is
least, any v < u is in (A(U)), and so products of elements less than u are also in (A(U)) which



does not contain u. That indicates u ¢ a(u,U). From the definition we get uw € A(U) C (A(U)),
that is a contradiction.

(NO): Since |wi| < |w2] == w; < ws, 1 is the minimum element of (F,=). Thus
lea(l,U)=({veU]|v=<1})= (@) ={1}. Therefore 1 ¢ A(U).

(N1): When w = uy...u, and |w| = |ug| + -+ + |u,| holds, we say w = ;... u, holds
without cancellation, or w = u; ... u, reduced (on the right side).

Firstly we show |u?| < |u| is impossible in a free group. Let p denotes the cancellation in
the product uwu; there exist a,b and p such that w = ap™!, u = pb and wu = ab hold without
cancellation. Suppose |u?| < |ul, that is |a|] < |p|. Since ap~! = pb reduced on both sides, the
first |a| letters of p is a. Also, the the last |b| = |a| letters of p~! is b. Therefore b = a~! and so
u? = ab = 1. This contradicts F being free group.

Assume that there exist vi,v2 € A(U) such that vijvy # 1 and |vjva| < |v1], |v2]. By the
above we see v1 # vo. We can assume that vy < vy without loss of generality. Then v] L V9,
v1v2 < v2 and vy Lyvy = vy holds. That leads vy € a(ve,U), contradicting the definition of
AD).

(N2): Assume that there exist v1,va, v3 € A(U) such that vive # 1, vovg # 1 and |v1vevs| <
|v1] — |v2| + |vs|. As we have checked A(U) satisfies (N1), no more than half of the reduced
word vy can be canceled. Therefore we can write each cancellation as p,q so that v; = ap™!,
vo = pbg~! (if b=1, pg~ 1), v3 = qc and vivov3 = abe (if b = 1, ac) , all reduced.

(i) Where b # 1: Since there is no cancellation in ab and be, we get |v1vavs| = |a| + 0] + |¢| >
lal = 1ol + le| = (lal + p]) — (1p| = 6] + lal) + (la] = |e]) = [o1] — 2| + [v3], & contradiction.

(ii) Where b = 1: The cancellations p,q do not occupy more than half of vy, v; and v
because A(U) satisfies (N1). Thus |v2| = |p| + |q| = 2|p|, |v1]| > 2|p| = |v2| and |v3| > 2|q| = |va].
We see p # q because p = ¢ implies vo = pg~! = pp~! = 1, contradicting (NO).

(ii-1) Where p < q on the lexicographical order: Since L(vy) = L(pg~!) =p < q= L(gp™!) =
L(vy "), min{L(v2), L(v; ")} = L(u3).

(ii-i-i) Where min{L(v3), L(v3 1)} = L(v3): From |vz| > |va], |vs| > |va| or |vs| = |va]. If the
former holds, vy < v3. If the latter holds, since p < ¢, min{L(va), L(vy ")} = L(v2) = L(pg™') =
p < q¢ = L(qc) = L(vz) = min{L(v3), L(v3")}, and so vy < v3. Therefore always vy < vs.

Furthermore, since |vav3| = |pc| = |gc| = |vs| and L(vavz) = p-+- < q--- = L(vz) < L(v3') =
Lic ¢ = L(cp™Y) = L((vov3)™1), we get min{L(vgvg),L(vgvgl)} = L(vouz) = p--- <
g = min{L(vg),L(vgl)}, that is vov3 < v3. Thus vgl < w3, VU3 < w3 and v;lvgvg = v

holds. That leads v3 € a(vs, U), contradicting the definition of A(U).

(ii-i-ii) Where min{L(vs), L(v3')} = L(v3'):

(ii-i-ii-i) Where L(vavs) < L(vy'): We know that |vs| > |va| or |vz] = |va|. If the former
holds, vy < w3. If the latter holds, min{L(v2), L(vy ')} = L(va) = L(pg™") = p = L(pc) =
L(vavs) < L(vz') = min{L(v3), L(vz')}, and so va < v3. Therefore always vy < v3. We
also know L(vavz) < L(vg') = min{L(v3), L(vy")}. TIf L((vov3)~') > min{L(v3), L(v3")},
min{L(vav3), L(vav3) ™'} = L(vav3) < min{L(v3), L(vs ')}, If L((vav3)™t) <
min{L(v3), L(vs ")}, by considering that min{L(vavs), L(vav3) ™'} is L(vav3) or L(vavz)~!, we
see min{L(vav3), L(vavs) ™'} < min{L(v3), L(vy')}. We therefore get always vavz < v3. Thus
Uy b v3, v2v3 < v3 and vy 11)21)3 = vz holds. That leads vs € «a(vs,U), contradicting the
definition of A(U).

(ii-i-ii-ii) Where L(vavz) > L(vg'): As L((vav3)™t) = L(c'p™") = L(c™'q¢™") = L(vz ') <
L(vavs), we see min{L(vavs), L((vov3)~1)} = min{L(vs), L(v3 ")}

(ii-i-ii-ii-i) Where |va| < |vs]: This implies vy < v3. As p < g, max{L(vavs), L((vov3)™1)} =



L(vaus) = L(pc) = p--- < q--- = L(gc) = L(v3) = max{L(v3), L(v3 ")}, and so vavz < v3. That
leads v3 € a(v3, U), a contradiction.

(ii-i-ii-ii-ii) Where |vg| = |vs|: This implies min{L(v3), L(vs ")} = L(vs') < L(vavs) =
L(pc) = p = L(pg™") = L(v2) = min{L(vs), L(vy')}. Assume L(v3') = L(va), then ¢! =
Lic7 ¢t = L(vg_l) = L(vy) = L(pg~!) = p, and hence 1)3_1 = ¢ l¢7! = pg~! = vy, contra-
dicting vovs # 1. Therefore L(vs') < L(v2), so v3 < v2. Additionally, since ¢=* = L(vy!) <
L(vg) = p, min{L(vav3), L((v2v3)™")} = min{p,c™'} = ¢! < p = L(va) = min{L(v), L(vy ")},
that is vovg < vo. That leads ve € a(vg,U), a contradiction.

(ii-ii) Where ¢ < p: After substituting (vi,ve,v3) = (vgl,vz_l,vl_l), the initial assump-
tion still holds, and a,b, ¢, p,q are replaced by ¢~ b= a™1, ¢, p, respectively. We can reach a
contradiction by repeating same argument as in (ii-i).

Lemma 1.2. For U C F, we define

- 4+ L(up)
(U) = {(ui') |neNwuy,...,u, € Uyey,..., e, = %1} (7)
= {u, " uy Puftus? - cult [ n € Nyug,ug, . ..u, € Uyer,ea, ... e =£1}, (8)
-+

where 1 € (U) for any U. Further, for U C F and u € (U) we define

BuU) = (v e U |v=u}), BU) = {ue (U} |ué BuU)) (9)

Let F be a free group generated by X, x € X and S C F. Then B(2°) freely generates (x°).

- + -t -t
Proof. (B(2°)) = (2°): Firstly we show (B(z°)) = (2°). By the definition B(z%) C (2°), so
— _— — — — + —

{
<B(a:5)j)L C <<a:SJ>rJ)r = (:l;SJ>r Assume <B(:/US)J>r C (z%). Then <a:Sj>L - <B(:/US)J>r is not empty.

=

Jr
It has a least element u because < is a well-order. As u is least, {v € U | v < u} C (B(2®)), and
- + ++ - +
so B(u,z%) = ({v e U |v=<u}l) C ((B(x%))) = (B(x%)) #u. That indicates u ¢ B(u,U).

- +
From the definition we get u € B(z°) C (B(z”)), that is a contradiction.

+
Secondly we show ((U)) = (U) for any U C F. For all u € U, by substituting n = 1,u; =
(™) -+ -+ -+
u,e; = 1, we get (uf')” =u, and so U C (U). Thus (U) C ((U)). Since (U) C (U),

({U}) € (V) = (U). Therefore ((U}) = (V).

+ -
From the above (B(z®)) = ((B(z%))) = ((2%)) = (z%)
(NO): Since |wi| < |w2] == w; < ws, 1 is the minimum element of (F,=). Thus

1epl,z%) = ({vea|v= 1}J>r = <®§ = {1}. Therefore 1 ¢ B(x®).

(N1): Assume that there exist v1,vo € B(z°) such that vivy # 1 and |vive| < |vy], |va].
We already know that vq # ve. We can assume that v; < vo without loss of generality. Let p
denotes the cancellation in the product vivs; there exist a, b and p such that v = ap,vo = p~'b

and v1vo = ab, all reduced. Also, since vy,vs € B(z%) C (;vSJ>r c zF U (z™HF, there exist
s,t € F,e, f = &1 such that v; = s '2%s,vo = t12/¢, all reduced. As |v1] is odd, [p| < &|v1| or
lp| > %|v1| holds, so is |va].

(i) Where [p| < i|va|: The cancellation p~
center /. Therefore there exist v € F such that 1 = p~

Lof vg = p~1b = t~ 12t does not contain the

Ly=1, reduced. We see b = v~ 1zfup,



s = p v lzfup, and so vivy = ab = av~'zfup, all reduced. Thus |a| + 2Jv| + 1 + |p| =

lav~tzfup| = |vive| < |vo| = [p~ v afup| = 2|p| + 2|v| + 1, and hence |a| < |p|. We also
see vlvgvl_l = abp~ta™! = av lzfupp~la! = av'azfva!, reduced. Therefore |v1v2v1_1| =
lavtxfva™| = 2|a| + 2v] +1 < |vg|, so U1’U2’U1_1 < v9. Then Ul,vvaUl_l < vy and v9 =
’1)1_11)1112121_11)1. That leads ve € S(vg, xS), contradicting the definition of B(:IJS).

(ii) Where |p| > $|va|: The cancellation p~* of vy = p~1b = ¢!zt contains the center z/.
Therefore there exist v € F such that p~' = t~1zfv, reduced. Then vy = t~'zfvb, reduced.
Since / and vy are conjugate, t~! = b~ w71, s0 vy = b~ 1o afwb, all reduced.

The assumption |p| < 3|v1| leads |va| < 2|p| < |v1], contradicting v1 < vo. Hence [p| > $|v1].
The cancellation p of v = ap = s '2°s contains the center z¢. Therefore there exist u € F
such that p = u~'2¢s, reduced. Then v; = au~'2¢s, reduced. Since z° and v; are conjugate,
s=wua"t, sov; = au 1$eua , all reduced.

Let ¢ denotes the cancellatlon in the product a1~ and a=! = ¢q, b~ = ¢~'d, all reduced.
Suppose ¢ # 1 and d # 1, then vjvo = au zfua b~ v~ lefvb = au™ xCucdv xf vb, reduced,
and so |vivg| = |a| + 2|ul + 1+ |e| + |d] + 2|v| + 1 + |[b] = 2|p| + |¢| + |d| > 2|p| > |v1], |v2|. This
is a contradiction. Therefore ¢ =1 or d = 1. Since v; < v, we see |c| + |¢| + |p| = |a|] + |p| =
lvi] < |v2| = |p| + [b] = |p| + |g| + |d]. Thus c=1.

If [v1] = |ve|, then |a| = |b], 0 = |c| = |d|,d =1, a™! = ¢ = b, and so vivg = ab =1, a
contradiction. Therefore |v1| < |va].

Note that |v| < |u| since |a| < |b| and |p| = |a|+2|u|+1 = |b|+2|v|+1. As |v1| < |v2| and both
are odd, |z¢s| = ‘Uléﬂ < ‘W'*l = |t| < |U2| < |p|. Thus ¢, the last |v2‘ L Jetters of the reduced
1

1

form of p = u='2¢s = vz ft contains x® s the last |v1|2+ letters of 1t. There exists w such that
1

t = wazs, reduced. Then u'z¢s = p = v le~Ft = vz~ Twa’s, all reduced, and hence u=! =
v lz=Ffw, reduced. As a result we get p = ulzfs = u 1:1:eua U= vl Twatw tafva™!

reduced. Therefore

vy = pilb (10)
= av e Fwrw el vb (11)
= aw e Twaw el t (12)
= av e Twr v el wats (13)
= av e T wrw e watua ! (14)
= av” e T wrw e watw e va ™, reduced. (15)
As v = ap = av 'z Twztw zfva™!, reduced,
vivgvy ! = av e watw e va av T e w0 e f watw T e va T o ! (16)
= av fwrfw Lzl va o (17)
= awv twrtw el vatav e T war "t w e va ™t (18)
= av 'zl va!, reduced. (19)

Therefore [v1vov; | = 2|al + 2|v| + 1 < 2|a| + 2[v| 4+ 4|w| + 5 = |va, and so vivavy* < vg. Thus
V] < V2, 1)11)21)1_1 < v9, and vy = '1)1_11)1’1)21)1_1111 holds. That leads vy € B(vg,xs), contradicting
the definition of B(2).

(N2): Assume that there exist vy, vo,v3 € B(2®) such that vive # 1, vovz # 1 and |vivovz| <
|v1| — |va| + |vs]. As we have checked B(z°) satisfies (N1), no more than half of the reduced



word vy can be canceled. Therefore we can write each cancellation as p,q so that v; = ap™',

vg = pbg~1 (if b =1, pg~ 1), v3 = gc and viv9v3 = abe (if b = 1, ac) , all reduced.

(i) Where b # 1: In the same way as the proof of A(U), we can reach a contradiction.

(i) Where b = 1: In the proof of A(U) we showed that |p| = |q|, and hence |vs| is even.
Meanwhile, all elements of B(z®) are conjugates of x or z~!. Thus |vs| is odd, which is a
contradiction. O

Proposition 1.3. Let G be a bi-ordered group. Then H <t G = H < G is false.

Proof. Let F be the free group generated by {a,b}. We bi-order F' in the way of [4, Definition
3]. To begin with, we order Z[[X,Y]], the ring of formal power series in the non-commuting
variables X,Y. For f,g € Z[[X,Y]], we arrange each terms in the lexicographical order where
X<Y:

f=ag+ a1 X +aY +a3 XX +as XY +a5Y X +agYY + a7, XXX --- (20)
g=by+ 01X +b6Y + b3 XX+ XY +bsYX+bYY +b: XXX+, (21)

Compare each coefficient from left to right, and declare f < g when a; < b; where a; and b; are
the first pair of coefficients that differ.
Next, we define the Magnus map p : F' — Z[[ X, Y]],
a— 1+ X, b—1+Y, (22)
ats 1l - X+ X2 X3+ bl 1Y Y2 Y3

This map is injective [3, Theorem 5.6]. Therefore by defining u < v as p(u) < p(v) for u,v € F,
we obtain a linear order on F'. This order is also a bi-order [4, Theorem 4].

The subgroup (bf+) of F is fee as shown last time [I]. We will show that aba=' ¢ (b'+) and
so is not normal. From lemma B(bf*) freely generates (b'™).

Firstly, we observe the images of b, (b'")~! and (b') under p. Let s € F and u(s) =
14+ a1 X +aY +a3X? +ay XY +asY X +agY? + O(3). Then

/L(Sil) = 1—alX—a2Y+(a%—a3)X2+(a1a2—a4)XY—i—(a1a2—a5)YX+(a§—a6)Y2+O(3), (23)
and hence
(s bs) =14+Y —a1 XY + a1 YX +03), u(s 07 1s) =1 - Y + a1 XY — a1 Y X + O(3). (24)

Further, assume that u,v € (bF), u(u) = 1+ bgY — b1 XY + 01 Y X + boY? + O(3) and p(v) =
1+cY —e1 XY + Y X + Y2+ 0(3). Then

p(uv) =1+ (bg + ¢0)Y — (b1 + 1) XY + (by + ¢1)Y X + (boco + ba + 2)Y? +0O(3).  (25)

Thus, for all u € (bF'), there exist cg, ¢1 and ca € Z such that pu(u) = 1+cY — 1 XY +c1Y X +
c2Y? 4+ 0(3).
Secondly, we will indicate aba™! ¢ B(bf+). Suppose aba™' € B(bf*+). Since B(bF*+) C

+
(bF+) | there exist n > 1,51, 82,...5, > 1,e1,€a,...e, = £1 such that

aba~! = sglb_ensn . sglb_”stflbelslsglbe%g . 'sglbensn. (26)



Then e; = 1 because b°! is the central letter of aba=!. (This can also be checked by observing
the images of both sides of the equation under p.) Let p(s1) = 1 + a1 X + a2 + azX? +
as XY +asY X 4+ agV? + O(3), then p(s;'6%s1) = p(sytbs1) = 1+Y —a1 XY +a; Y X +O(3).
Moreover, since s, b%sg - - -5, 0% s, € (bF+) C (bF), we can write p(sy 'b%2sg-- -5, b0 s,) =
I+coY —c1 XY +c1Y X + Y2+ 0(3). Then pu(s,tb=crs, - -sz_lb_€232) =1—cY + 1 XY —
1Y X + (c2 — c2)Y? 4+ O(3), and hence

paba™) = (s b7 sy -+ 55 b2 s9) (s b1 ) sy 0280 - - - 5, 0 s, ) (27)
=1+Y - a1 XY + a1V X + O(3). (28)
Meanwhile, since
p(aba™") = p(a)p(b)p(a™") (29)
= (1+X)1+Y)1-X+X24+0(3)) (30)
—14+Y +XY —YX+0(3), (31)

by comparing the coefficients of and , we see a; = —1. Therefore p(s1) =1+ a1 X +
a2y +0(2)=1—-X+aY +0(2) <1=pu(l), and so s; < 1. This contradicts s; > 1.

Thirdly, we will indicate aba™" ¢ (b'+) = (B(b™*)). Suppose aba™! € (b'™*), that is, there
exist t € N,uy,...,us € B(b'™) such that aba™' = uy - --u; and all u;u;11 # 1. Then, as shown
in [5, Proposition 2.3], ¢t < 3, |u1], |u¢| < 4. Since |u;| and |u| are odd, |ug], |us| < 3. If t = 3,
lug| is also at most 3, because B(b'™*) is N-reduced, so at most 1 letter is canceled from each of
u1 and ug, and hence at most 2 letters are canceled from wus.

+
We see that B(bf+) c (bf+) c (bT1)F. All the elements of (b*')¥ whose length is at most
3 are 1,b,a"'ba,aba™! up to inversion. We already checked that aba=! ¢ B(bF+). All the

products uy - - -u; where 1 <t < 3, all u; = b*! or (a™'ba)*!, and uu; ;1 # 1 are the followings:
b3 b3
b2 b%a"tha b2 b2a"tba
b2a~ b 1la b2a" b la
ba"'bab b~ta"thab
b ba"lba ba"'bab—! b1 bla"tha b= lathab™!
ba"'b%a b la=1b%a
ba~ b~ tab b la= b lab
ba'vb"'a ba b lab! b la v la b la b tab™!
ba~1b2a b la v 2a
(32)
a"tbab? a b tab?
a"lbab a"‘baba"ba a b lab a b laba"'ba
a tbaba" b 1a a b taba~ b la
a " tbab—2 a b lab—?
a'ba atbab™' a"'bab"la"lba a'v"ta a7 lab™t a b lab taba
atbabla~ b la a v tab la b la
a 'b%ab a b 2ab
a 'b%a a 'b?ab! a b 2a a b 2ab!
a 'bia a b 3a
There is not aba~! on this list. Thus aba™! ¢ (b**), and hence (b'+) is not normal.
O
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