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Abstract

We construct the bi-infinite sequence of binary operations where the next ele-
ment is an iteration of the previous one, such that

. "+r:17 Xr=2, Ar:37 s

1 Previous research

When constructing a sequence of binary operations that preserves the addition-
multiplication-exponentiation relationship, we must choose which of these prop-
erties to construct the sequence based on.

Hyperoperations (Goodstein’s hyperoperations)

The hyperoperation sequence ([r])22, is the sequence of binary operations [r] :
Nyp x Ng — Ny defined as

n+1 ifr=0

m ifr=1,n=0
mlrln=1<0 ifr=2n=0

1 ifr=3n=0

m[r — 1](m[r](n — 1)) otherwise.

This definition gives the following:

m

m’

m[0ln = n+1,m[ljn = m+n,m[2n = mxn,m[3n =m", midn= m b
——
n copies of m
Note that
m[r+ 1jn = m[r]m|r]---[rJm (right-associative) (1)
—_————

n copies of m



where r > 1, but the iteration is one time more than, as
m[ljn = m[0Jm][0] - - - [0]m (right-associative)
—_— ——
n + 1 copies of m

where r = 0.

Rubtsov and Trapmann’s zeration

There are some attempts to construct a new hyperoperation sequence such that
equation holds in general.
Let ¥ : Ng x No — Ny be a binary operation.

m—+n=m¥my---¥em (right-associative)
~—— —

n copies of m

if and only if

n+2 ifn=m
mysn =
n+1 ifn>m+2 [1H.

We consider only where n > 2 because m + 1 # m (1 copy of m). Rubtsov’s
zeration [Og| defined as the following fulfills this:

n+2 ifn=m
m[Og]n = )
max(m,n) +1 if n # m.

Rubtsov’s zeration is commutative m[Og]n = n[0g]m, distributive under addi-
tion I + (m[0g]n) = (I +m)[0g](l + n), and

m +mn =m|[0g]m[0g]---[0r]m (left-associative) [6][7].

n copies of m

Also, the exact same operation has been reinvented under the name "jun-
kasan” (which means quasi-addition)|8].
Trapmann’s zeration is also a solution of the equation [2]:

m[0r]n = max(m + 2,n + 1).

This zeration is continuous, different from Rubtsov’s one.
There is the attempt to construct a bi-infinite sequence of hyperoperations
such that all two adjacent elements satisfy the equation [9]

Lower hyperoperations

Another version of hyperoperation sequence that is applied left-associativity.



Tropical semiring

The binary operation min is commutative, associative, and distributive under
addition: [+ min(m,n) = min(l+m,l+n). We see the finite sequence min, +, x
is an extension of the sequence+, X that preserves some properties of a commu-
tative ring.

There is the attempt to construct a bi-infinite sequence of binary operations
such that all two adjacent elements form a ring[10].

Commutative hyperoperations (Bennett’s hyperoperations)

Commutative hyperoperations are the sequence of binary operations defined
recursively as

m[ln=m+n, m[r+1]n=elnmirinn,

This is a generalization of the following relationship between + and x [I1]:

mxmn—= e(lnerlnn)'
The solution is m[rjn = exp” ' (exp~ "~V (m) + exp~ "~V (n)), and all the
next element is distributive over the previous one[3]: I[r + 1](m[r]n) = (I[r +
1m)[r](I[r + 1]n).

Also, we can easily extend it to bi-infinite sequence. The Oth commu-
tative hyperoperation m[0]n = In(e™ + ") is distributive under addition[4]:
L+ (m[0]n) = (I +m)[0](l + n).

Pisa hyperoperations

Pisa hyperoperations are the sequence of binary operations defined recursively
as
m2ln=mxn, mlr+1n= (mi)(m[r]n).

This is a generalization of the following relationship between x and ~:

m" = (m%)(mA”).
The r — 1th operation is expressed as m[r — 1Jn. = mln,,(m[r]n), and we can
easily extend it to bi-infinite sequence[I2].

Hyperoperations we construct here

We construct the same as Eners49’s one[9], the bi-infinite sequence such that
m[lln =m+n and for all r € Z

m[r + 1ln = m[r]m[r]--- [rJm (right-associative).
—_————

n copies of m



From here, consecutive operations are executed from the right unless otherwise
stated.

Now, Rubtsov and Trapmann’s zerations seem to fit for the Oth element of
the bi-infinite hyperoperation sequence. However, a binary operation < that
meets the following does not exist[7]:

m[0g]n,nor m[0r|n = mOmQ .- Om.
—_— ——
n copies of m

Proof. Seeking a contradiction, suppose that

m[0g|n = mOmQ .- Om  for any m € Ny and n € N».
—_— ————
n copies of m

Then where m > 1,

m[Og](m+1) =mOmQ...Om
—_———

m + 1 copies of m

=mOmOmQ .- Om)
—_— ——
m copies of m
=mQO(m[0g]m)
=mQO(m + 2).
Also,
m[Og](m+2) =mOmQ...Om
—_————

m + 2 copies of m

=mQOQ(mOmQO ... Om)
—_—— ——

m + 1 copies of m
=mQ(m[0g](m + 1))
=mQO(m +2).

From the equation and ,
m+2=m[0g](m+1) =mO(m+2) =m[0g](m+2) =m+3,
ie. 2=3. O

We can use the same way to prove that about [0r]. It is a tough question
whether there exists such an operation, of which the iteration of its iteration,
is equal to addition, while to find what operation repeated n-times results in
addition is much easier.

2 The general solution of first order recurrence
relations

We now want to know, for given a binary operation ¥¢, whether an operation
Q such that

mOmQ - Om = myen exists.

—_——

n copies of m



Then, if O exists, the sequence
m, myc2, mic3, mved, . .. (4)
is equals to
m, mOm, mQ(mOm), mQO(mO(mOm)), mQO(mO(mO(mm))),...
If we set a; = m, f(n) = mn, then this sequence turns into

a, f(a1), f(f(ar)), f(f(f(a1))), ...

That is, whether & exists is equivalent to whether the sequence is defined
by a first order recurrence relation (in other words, the sequence is a dynamical
system).

From here, Let e be a integer, N. be integers not less than e, s be the
successor function, and S be a set. Let P(a,k,k’) be the statement a is a
sequence N, — S, k, k' € N, and

k< k’/\ak = ay’.
Q(a,p, k) be the statement a is a sequence N, — S, p € Ny, k € N,
VYmVn; am4k = Apntm+k (M, n € Np).

Lemma 2.1. Let f be a map defined on S. Suppose a sequence a : N, — S is
defined by the first order recurrence relation

any1 = flan).

Then
Vm € NoVk € Ng; amar = [ (ag).

Proof. For all k € Ng, the following holds:
Proof is by induction on m, starting at m = 0.
For m =0,
fo(an) = Qan = A0+n
and so the result holds true for m = 0.
Suppose the result holds true for some m, i.e. that f™(a,) = @m4n. Then
we have

T an) = F(f™(an)) = f(amin) = Gmint1 = A(m+1)4n
and so the result holds true for m+1 and our proof by induction is complete. [
Lemma 2.2.

a is defined by a first order recurrence relation

3
(VEVE'; P(a, k, K') = Q(a, k' — k. k)).



Proof. By the definition of a, there are some map f defined on S such that
Yan; ant1 = flay).

Let k, k' € N, be
E<k ANap =ap.

Then we see k' — k € Ny. By lemma [2.1

Vk € NoVE € Nesagp = ap = apr—prr = f¥ % (ar) (5)
For all m,n € Ny,
A —tynsmie = fE TR (gy) By lemma [2.7]
= fO=Rnam(fk =k (ay)) By
— f(k’fk)n+m+k’fk(ak) (6)
— f(k/_k)(n+1)+m(ak)
= Q(k'—k)(n+1)+m+k
Also,
A(k'—Kk)0+m+k = Om+k (7)
From @ and ,
VmVn; amak = (k' —kyn+m+k-
O

Lemma 2.3.

Q(a’7p17k1) A Q(a’ap25 k2) Ao = Q(a7ng(p17p27 o )7min(k17k27 s ))

That is
Q(a, ged(m1 [T]), min(m2[T7])),

where T = {(p, k)|Q(a,p, k)}, m1(t) and wa(t) are the first and second coordinate
of a pairt.

Proof. Suppose p,q € Ny, g is the greatest common divisor of p and ¢, k,l € N,
are k S l? Q(a7p’ k)? a’nd Q(a7 q’ l)'
Then we see that for all m,n € Ny,

Apnt+m+l = Apntm+l—k+k
= aanr(erlfk:)Jrk (8)
= G(m+i—k)+k by Q(a,q,1), m 41—k € Ny

= Qm41-
We now check that the linear Diophantine equation
pr —qy=r

has integer solutions (z,y) if and only if r is a multiple of the greatest common
divisor of p and ¢q. Then, since —pg < 0, it has a positive integer solution.



Moreover, we see p0 — g0 = g0. Hence for every n € Ny, there are ny,ns € Ny
such that
pny = qng + gn. (9)

Thus for every m,n € Ny, there are n1,ns € Ny such that

Agnd+m+l = a(gn+m)+l
= Qgny+(gn+m)+l by Q(a7 q, l), gn+m € Ny
= Qgnytgn+m+l (10)

= Qpny4m+l by
= Gyl by ().
By the Archimedean property, there is ng € Ny such that
pns +k >1 (11)
Therefore, for every m,n € Ny, there is ng € Ny such that

Qgn+m+k = Apnz+gn+m+k by Q(Chp, k)v agn +m e I\IO
= OGpng+gn+m+k—I+1

= Qgn+(pns+m—+k—1)+1
= Qpng+mtk—1)+1 by ([10), pns +m+k — 1 € Ny (by(L1))

= Qpnz+m+k
= Gmyk by Q(a,p, k).
That is,
Q(p1, k1) A Q(p2, k2) = Q(ged(p1, p2), min(ky, k2)).
Therefore
Q(a, ged(m [T1), min(m2[T7)),
where T = {(p, k)|Q(a, p, k) }. O

Lemma 2.4.

(VAVE'; P(a,k, k') = Q(a, k' — k. k))
4
a is injective V Q(a, ged(m1[T]), min(m2[T7])),

where T = {(k' — k, k) | P(a,k,k")}.

Proof. Where a is injective: The proposition holds.
Where a is not injective: We see T' # &.
If Q(a, k' — k, k) holds, i.e.

VmVn; amyk = Ak —kyn+m+k (M; 1 € No),
then substituting (m,n) = (0,1),

A0+k = Q(k'—k)x140+k; 1€ Ak = Qfr.



Also we see k'—k € Ny, therefore k < k’. P(a,k, k') holds. Hence VEVE'; Q(a, k'—
k, k) = P(a,k, k') is true.

From the hypothesis, VkVE'; P(a, k, k') = Q(a, k' — k, k).

Now we have

VEVK': P(a, k,K') <= Q(a,k — k,k).
Thus
T= {(k/ - k’ k) | P(avka k/)} = {(k, - k7k) | Q(aﬂk‘ - kak)}

By lemma [2.3
Q(a, ged(m[T]), min(me[T])).

Definition 2.5. For a sequence a : N, — S, define a set U(a) C N, as
Ua) :={n|Ym;m <n = algu<m} is injective}.
That is, where ny € N, is the maxzimum integer such that the restriction a|{l|l§n1}

18 injective,

Ula) = N, if a is injective
{n|n<ni} ifais not injective.

In addition, define a’ as a map o’ : U(a) = alU(a);n — a,.
For example, for a constant sequence a, = C, a’ becomes a map a' : {e} —
al{e}]; e+ a. and is bijective. For all sequences a, U(a) exists and a'is bijective.

Lemma 2.6. Suppose a sequence a : No — S is
a is injective V Q(a, g, mr).
Then
a[U(a)] = a[Ne],
and

U(a) N, if a is injective
a) =
{n|n < gr — 14+ mp} ifa is not injective,

where T = {(k' — k, k) | P(a,k,k")}, g7 = ged(m1[T]), and mr = min(ma[T]).

Proof. Where a is injective: obvious.
Where a is not injective: We see Q(a, g7, mr) holds. Also T # @.
Let V be a set {n|n € Ne,n < gr — 1+ mr}.
Suppose the restriction aly is not injective. Then:
There exists ki, k) € V such that ky <k} Aag, = ay;.

That is, P(a, k1, k}) is true.



Therefore (k] — k1,k1) € T, ki — k1 € mi [T, k1 € mo[T].
For all k1, ki <mp —1or k1 > mp.
Where k1 < mp — 1:

We have k; € m2[T], contradicting mp = min(m3[T7]).
Where k1 > myp:

7]451 S —mmr.

ki<gr—1+mrbykieV.

Therefore k] — k1 < gr—1+mpr —mp =gr — 1.

We see ki — k1 € m1[T], contradicting gr = ged(m [T7]).

Thus the assumption aly is not injective leads to a contradiction.
Hence aly is injective.
Let V' be a set {n|n € N.,n < gr + mr}. Then we have my, gr + mr € V.
By Q(a, gr,mr), Gmy = Ggptmy- Lherefore
mr # gr +mr A Amp = Qgp4+mp-

The restriction aly- is not injective.
By definition [2.5

U(a) =V ={n|n € Ne,n < gr —1+mr}.

For all a,, € a[N.], n <mp —1or n > mr.
Where n < mp — 1:

By n € U(a), a, € a[U(a)].
Where n > mq:

There exists n1,ns € Ny such that

n=grni +ns+mprAns < gr— 1.
Bynys <gr—1,ny+mr <gr—1+mr.
ng +myp € U(a).

From Q(a,gTva)a An = Qgrni+ns+mr = Anot+mr € a[U(a)]
Thus for all a,, € a[N], ay, € a[U(a)].
a[N.] C a[U(a)]. Additionally, By U(a) C N, a[U(a)] C a[N¢]. Hence a[U(a)] =
a[Ng]. O

Lemma 2.7.
a is injective V Q(a, gr,mr) = a is defined by a first recurrence relation,

where T = {(k' — k, k) | P(a,k,k")}, g7 = ged(m1[T]), and mp = min(we[T)).



Proof. By lemma alU(a)] = a[N,].
For all a,, € a|N,], There exists ny € U(a) such that a, = ap,.

(nt1 = nye1 = (a0 s)(ny) = (aoso a1t oa")(nl)

= (aosoa™")(a'(m)) = (aosoa™")(an,) = (aosoa™")(an).

The sequence a is defined by the recurrence relation

any1 = (aosoa Y (ay).

By lemma and

a is defined by a first recurrence relation

3
VEVK P(a,k, k') = Q(a, k' — k. k)
U
a is injective V Q(a, g7, mr)

¢

a is defined by a first recurrence relation
These three propositions are equivalent.

Lemma 2.8. Suppose a sequence a : N, — S is defined by a first order recur-
rence relation. Let f be a map defined on S. Then

Van € a[Ng|;ans1 = f(a,) <= Vo € a|N]; f(z) =aosoa(z).

Proof. Proof of ( = ): By lemma alU(a)] = a[N¢]. For all z € a[N],
z € a[U(a)]. There exists n; € U(a) such that x = a,,.

1

f(z) = f(an,) = any+1 = (a0 s)(n1) = (aos oa’" oa")(nl)

=(aoso a"_l)(a/(nl)) =(aoso a/_l)(anl) =(aoso a!_l)(x)'

(Proof of <= ): By lemma[2.6] a[U(a)] = a[N.]. For all a,, € a[N], There
exists n; € U(a) such that a,, = an,.

flan) = (a0soa" ) (an) = (a0 s0a" ) (an,) = (a0soa"")(a'(m))
=(aosoa"toa')(n) = (aos)(n) = (aos)(n)=any.
O

If we replace "a is a sequence defined by a first order recurrence relation” in
lemma [2.8] with simply ”a is a sequence”, then the proposition becomes false.
Counterexample: the sequence

1,2,1,1,1,1,...

10



3 Definition of multiplicative and additive

We now decide the domain and the codomain of operations we deal with in
this article. Suppose binary operations ¥¢, : Ng x Ny — Np, which does not
necessarily form a ring, satisfy

myemys - - em = mOn.
—— ————

n copies of m

Then m1 = m (1 copy of m) for all m, no matter what operation O is. Ad-
dition does not suit for the operation V. Furthermore, let ) : Ny x Ny — Ny
satisfy

mOmQ - Om =m dn.

n copies of m

Then
10n=1010...Q01 =1 for all n.
—_——

n copies of 1

Even multiplication does not suit for ). Thus we only deal with operations
whose domain is the ordered pair of integers not less than 2. Also, because the
value of

MYCMIC -+ - Yem
—_—

n copies of m
can be undefined where n > 3, we decide the codomain is integers not less than
2.
Definition 3.1. Multiplicative of Y¢: For a binary operation 3¢ : Ng x Ny — Ny
and m,n € Ny, define msﬁ’(l)n as follows:

{mi‘zm ifn=2

W et - - Yom =
" kil ghin sl mi‘((mﬁf‘((l)(n—l)) ifn > 3.

n copies of m

Then (m,n) — mi\z(l)n is a binary operation defined on Ny x Nao. Obviously
mi\((l)n € Ny for all m,n € Ny. We say that the map 727(1) Ny x Ny — Ny s
the multiplicative of Y¢. Uniqueness of 2 is clear.
n copies of (1)
We call 71\3(1)(1) (1) the nth multiplicative of Y¢, and denote 7, Also,
2O = e,
Definition 3.2. Additive of Y<: For a binary operation ¥< : Ny x Ny — N,

a binary operation 2D Ny x Ny — Ny is said to be an additive of Y< if
2D _

n copies of (—1)

We call i‘((_l)(_l) - (=1) a nth additive of Y5, and denote 2

11



The additive of ¥<, 2V does not always represent a specific operation like

the indefinite integral [ f(x)dx. A range of Y< such that (¥¢,n) — % s q
well-defined map appears in a later section.

For a binary operation ¥, there is no relation between whether the operation
Q satisfy the following exists:

aven = alaQ - Qqa for all n € Ny,
——_— ———

n copies of a

and the value of b¥tn (b # a). For example, let m¥cn = 2m +n — 4. Then the

operation < such that
2v%n = 2020 ... Q2
—_———

n copies of 2

does not exist, and where m > 3,

myen = mOmQ .- Om
—_—

n copies of m

for some operations . We will ask the existence of such operation © for each
m.
Let a sequence a,b : Ny — Ny satisfy
an =myen, b, =mOn, m¥kn=mOmQ...Om.
—_———

n copies of m

Then
bm ifn=2
Qp =
bs, , ifn>3.
Define a; := m, then
m ifn=1
Qp =
bs, , ifn>2.

We now have a,, = b,,_, for all n € Ny, the original domain of a. Also, define

ag := 1,by := m, then
1 ifn=0
a
bo, , ifn>1.

Define a_; := 0,5y := 1, then

0 ifn=-1
ap =
ba if n>0.

n—1

Define a_5 := —1,b_1 = 0, then...

12



Now we show that the existence of © s.t.

myen = mOmQ .- Om
~—_— ———

n copies of m

is equivalent to the existence of B s.t.

A, = Ba

n—17

where bi-infinite sequence A, B : Z — Z is defined as

n+1l ifn<O0 n+1l ifn<O0
A, =<m ifn=1 B,=(m ifn=1
myn ifn>2, mQOn  if n > 2.

From here, let P(A,e) be the statement A is a bi-infinite sequence Z — Z,
A, =n+1wheren <e,and A,, > e+ 2 where n > e + 1.

Definition 3.3. Multiplicative of A: For A s.t. P(A,0), the bi-infinite sequence
AWM -7 — 7 is said to be the multiplicative of A if

Vi € Z; AD = A0 A Al = A,
It is structurally the same thing whatever integer the 0 is rewritten as.

Generally P(A™0) holds true.

Proof. Proof is by induction on n. For n = 0:
Aél) = Ag = 0 + 1 by definition

Suppose that Ag) =n+ 1 for some n < 0. Then obviously Agllzl < 0 because
n—1<-1.

n+1l = Asll) by the hypothesis
=A,0 by defnition [3.3

n—1

= A,ELl_)l +1 - Agllll < 0,

i.e. A(lzl = (n—1)+ 1. By mathematical induction Aﬁ}) =n+1 for any n < 0.

n

And for n = 1:

AP =4 4 = Ay > 2by definition 3.3
0

Suppose that ASP > 2 for some n > 1. Then

Agllll = AASL” > 2 by definition

By mathematical induction Ang) > 2 for any n > 1. O

13



Because P(A™M0) holds true, A1) is unique. A map(A4,n) — A" is well-
defined.

Definition 3.4. Additive of A: For A s.t. P(A,0), the bi-infinite sequence
ACY 7 — Z is said to be an additive of A if
_ -1 —1
P(ACY0) A (Ve Z; A, = ALY YA ATTY = 4,
that is
P(ATY 0) A (ACD)D = 4,

We included the condition that P(A=1),0) holds true in the definition, be-
cause there are A, B such that

P(A,0) A=P(B,0)A(Vn €Z;A, =Ba, ,)ANBy= Ay,

e.g.
n+1 ifn<0
. 5 ifn=1
n+5 ifn>2 7 ifn=5
- -1 ifn==6
n+1 ifn>T.

n copies of (1)

——
Similar to the binary operation’s ones, we call AWM (1) the nth multi-
plicative of A, denote A™ | and vice versa. Also, we define A := A.

4 Properties of multiplicative and additive
Lemma 4.1. Let A be the bi-infinite sequence s.t. P(A,0). If A is bijective,
ACY egists and is uniquely determined as

ACY = Aoso AL
Moreover, A=Y is bijective.

Proof. (Existence): A sequence a : Ny — No;n — A, is bijective because of
P(A,0) and that A is bijective. By lemma a is defined by a first order
recurrence relation, so there exists a map f : No — Ny where

any1 = flan).
Define a bi-infinite sequence B : Z — Z as

n+1l ifn<0
B, = aj ifn=1
f(n) ifn>2.

Then clearly P(B,0) holds true.
Where n < 0:

14



Apn=n+1=B,=B4,_,.

Where n = 1:
A1 =a; = Bl :BAO.
Where n > 2:

An = 0n = f(an—l) = Ban,l = BAW,,l VOp—1 > 2.

Thus B is one of additive of A, A1) by definition
(Uniqueness): Let C' : Z — Z be an additive of A.
Where n < 0:

A is bijective, and A(n) =n+1if n <0;
therefore A~'(n) =n—1ifn < 1.

Thus C(n) =n+1l=n+1+1-1=(Aoso A 1)(n) - s(47(n)) <0.
Where n = 1:

C(1) =C(A(0)) = A(1) = (Ao s)(0) = (Aoso A71)(1).
Where n > 2:

Let a be a sequence Ny — Na;n — A(n).

From C is an additive of A, A(n+ 1) = C(A(n)) for all n € Ny C Z.
That is a(n 4+ 1) = C(a(n)) for all n € Nj.

By lemma C(n) = (aosoa’1)(n) for all n € a[N;] = N.

A sequence a : N; — No;n — A, is bijective from the assumption.
By definition U(a) = Ny and o’ = a.

A(A7Y(n)) =n=ala"(n)) = A(a=!(n)) for all n € N,.

In addition, A is bijective.

Therefore A~1(n) = a=1(n) for all n € N,.

C(n)=(aosoa1)(n)=(acsoa 1) (n)=(AosoA~1)(n) for all n € Ny.
Thus C, the additive of A uniquely determined as C' = Ao so A~!. In other

words A(=1) is well-defined where A is bijective.

(Bijectiveness): Since A, A~!, and the successor function s : Z — Z is

bijective, the composite function Ao so A~' = A1) is bijective.
Because of this, (A4,n) — A(=™) is a well-defined map.

By the way, an additive of A does not exist where A is surjective and not

injective.

Proof. Seeking a contradiction, suppose A(~1) exists. Then:
Let a be a sequence N; — Ng;n — A(n).

a is defined by a first order recurrence that a(n + 1) = AV (a(n)).

15



By lemma [2.6] a[U(a)] = a[Ny].

Because of P(A,0), a: N; — N is surjective and not injective.
Since a is not injective, by definition U(a) is finite.

Thus a[U(a)] is finite.

Meanwhile, since a is surjective, a[N;] = Ny is infinite.

We now arrive at a contradiction.

O

Lemma 4.2. Suppose a binary operator ¥¢ : No x Ny — Na, a bi-infinite
sequence A : Z — Z, and an integer m > 2 satisfy that

n+1 ifn<0
Vn; A(n) =< m ifn=1
mxn ifn > 2.

Then
n+1 ifn<0

Vn; AV (n) = m ifn=1
mi‘z(l)n ifn > 2.

Proof. Because m > 2 and Vn; mysn > 2, P(A,0) holds true. Thus AV 7 57
is defined.
Where n < 0:

AWM (n) = n + 1 because P(AM),0) holds true.
Where n = 1:

AM(1) = A(AD(0)) = A(1) = m.
Where n > 2:

mi\z(l)n > 2.

AM(2) = A(AD(1)) = A(m) = m¥em = mcD2.
Suppose A (n) = mc"n for some n. Then:

AW (n +1) = A(AD () = A(m*(l)”) = m*(mi‘((l)n) = mi‘z(l)(n +
1).

Therefore, by mathematical induction VYn; AM (n) = myeMn.

16



Lemma 4.3. Suppose a binary operator 3¢ : No x Ny — Ny, a bi-infinite
sequence A : Z — 7, and an integer m > 2 satisfy that

n+1 ifn<0
Yn € Z; A(n) =< m ifn=1
mYen  ifn > 2.

Let A be bijective. Then a binary operator O : Ny x Ny — Ny such that

mOm ifn =2

vn € Nosmin = {m@(mi\z(n —-1)) ifn>3

exists and uniquely determined as
Vn € Nog;mOn = (Aoso A™Y)(n).

That is,
n+1 ifn<0
vneZ; ATV () =<{m ifn=1
mOn  ifn > 2.

Proof. (Existence): By lemma A=Y exists. Let a binary operation J :
Ny x Ny — Ny be
Vn € No;m dn =AY (n).

By definition [3.4
m¥e2 = A(2) = AD(AL) = AV (m) = m dm
and
Vn > 3;m¥en = A(n) = ATV (A(n—1)) = AT (me(n—1)) = m D ((mc(n—1)).
(Uniqueness): Suppose a binary operation %6 : Ny x Ny — Ny fulfills

maem ifn=2

Vn € Ng;m¥en =
s S {m%‘%(mi’l’(n—l)) if n > 3.

Define a bi-infinite sequence C' : Z — Z as

n+1 ifn<0
Vn € Z;C(n):=<m ifn=1
maen if n > 2.

Then clearly P(C,0) holds true.
Where n < 0:

An)=n+1=C(n)=C(A(n—1)).

17



Where n = 1:

A(l) =m=C(1) = C(A(0)).
Where n = 2:

A(2) = m¥e2 = m&m = C(m) = C(A(1)).
Where n > 3:

mye(n—1) > 2.

A(n) = m¥en = m3(mic(n — 1)) = m3E(A(n — 1)) = C(A(n — 1)).
Thus C is the additive of A.
By lemma C is uniquely determined as Aoso A~L.
Vn € No;m&8n = C(n) = (Aoso A1) (n).

In other words 71‘3(71) is well-defined if Vm € Ng; A : Z — Z is bijective,
where
n+1 ifn<O0

Yn €Z;A(n) =< m ifn=1 .
myen if n > 2.

5 The negative hyperoperations

This proposition was proved at [I] and [5]. However we try to prove again
using lemmas we have proved here.

Proposition 5.1. Let ¥¢ be a binary operation Ny x Ny — N,
%(1):+ZN2XN2—>N2 <~

m+2 ifn=m

VYm € NoVn € {m} UZs,10; mKkn =
2 { } >m+2 {n—!—l ifn2m+2

Proof. (Proof of = ): For all m € Ny, the following holds:
Define a sequence a : N; — Ny as

m ifn=1
vn € Niza(n) := {m—i—n ifn>2

From the assumption,

mysm ifn=2

Vn € Ny; =
neRamen {mi’l’(m—i—(n—l)) ifn>3.

Therefore
Vn € Nysa(n + 1) = m¥c(a(n)).

18



By lemma |2.8
¥n € a[NiJymitn = (a0 s0a’"!)(n).

Clearly a[N1] = {m} UZx,+2. By definition U(a) = N;. By lemma
alU(a)] = alN1] = {m} U Zspm42. The map a’~! : {m} UZspmia — Ny is
determined as

1 if n=
Vn € {m}UZsmio;a’ "t (n) = { nn=m

n—m ifn>m+2.
Thus

(aosoa™N(n) ifn=m

Vi € (I} UZ g2 miten = (aosoa’™)(n) = {<a osoa)(n) ifnzm+2

_J(aos)(1) ifn=m _ fa(2) it n=m
(@aos)(n—m) ifn>m+2 |an—m+1) ifn>m+2

m+2 ifn=m

_jm+2 ifn=m
n+1 ifn>m+2.

= n—m+1>2)=
m+(n—m+1) ifn2m+2( 22 {

(Proof of <= ): For all m € Ny, the following holds:
From the assumption,
m+2=m¥m.

If n > 3, then m + (n — 1) > m + 2. Therefore
Vn>3;m+n=m+(n—1))+1=mk(m+ (n—1)).
Thus

mysm ifn=2

vm € NoVn € Ny; =
m € Nt € Raim A {mi\((m—i—(n—l)) if n >3,

ie. M =4 O
Proposition 5.2. Define a binary operation O : Ny x Ny — Ny as

n if2<n<m-1

m+2 ifn=m

m+1 ifn=m+1
n+1 ifn>m+2.

mQOn =

Then for allm,n € Ny, and r € Z, m@(r)n ezists and uniquely determined.

19



Proof. For all m € Na, the following holds:
Define a bi-infinite sequence A : Z — 7Z as
n+1l ifn<O0
Vn € Z; A(n) :=<m ifn=1
mOn if n>2.

Where m = 2:
n+1 ifn<0
2 ifn=1
VneZ;A(n) =<4 ifn=2
3 ifn=3
n+1 ifn>4,
i.e.
., =1, 0, 1, 2, 4, 3, 5, 6, 7,
Where m > 3:
n+1 ifn<0
m ifn=1
Vn € Z; A(n) = " %f2§n§m—1
m+2 ifn=m
m+1 ifn=m+1
n+1 ifn>m+42,
i.e.
e, —1, 0, 1, m, 2, ..., m-—1, m+2 m+1,

Where 2 <n<m-—1

Obviously A is bijective for any cases.
By definition for all 7 > 0 there exists a unique A,

m+3, m+4,

Futhermore, A = A is uniquely defined and bijective. Suppose there exists
a unique A" and the A" is bijective for some 7 < 0. Then, by lemma the
same holds for A~V . By mathematical induction A is uniquely defined for

all » <0.
Thus (r,n) — A" (n) is a well-defined map Z x Z — Z.
We have defined A©) as

n+1 ifn<0
vneZ; A9 Mn)={m ifn=1
mO9n ifn > 2.
Using lemma [4.2] and by mathematical induction
n+1 ifn<0
Vr e Z¥n € Z; A" (n) = {m ifn=1

m@(r)n if n > 2.
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Therefore
Vr € Z¥n € NoymQ M = A® (n).

Since A(™(n) is uniquely defined and mOn e Ny for all r,n € Z, (r,n) —

m@(r)n works as a map Z X Ny — Na.
The above holds for all m € Ny. The map Ny X Z x Ny — Ng; (m,r,n) —

m@(r)n is well-defined. O

By proposition @(1) =+. For all m,n € Ny, and r € Z;

mO 0 = O 0™ L0y,

n copies of m

That is an integer extension of the hyperoperation sequence we are finding.
There exist infinitely many bi-infinite sequences of binary operations which
have the same property. A binary operation ¥t : No x Ny — Ny such that

m+2 ifn=m
mixn =
n+1l fn>m+2

and A : Z — 7Z is bijective where

n+1l ifn<O0
An)=<(m ifn=1
myen ifn>2

can be the Oth element of the bi-infinite hyperoperation sequence, e.g.

m—-n+1 if2<n<m-1

m+ 2 ifn=m
myn =
m+1 fn=m+1
n+1 ifn>m+2
n+1l if2<n<m-—2
2 fn=m-1
mMIin=<{m+2 ifn=m
m+1 ifn=m+1
n+1l ifn>m+2
n+l if2<n<m-2
o n+2 ifn=m-1m
masn =

2 ifn=m+1
n+1 ifn>m-+2.
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6 Appendices

We calculate —1st to —5th elements of the bi-infinite hyperoperation sequence,
where the 0th element is the binary operation < in proposition

Negamoniteration
if m =2 and

n+l1l <1 n <0
n+1l =2 n=1
n+2 =4 n=2
n =3 n=3
n+1 >5 n>4

A(n) = if m > 3 and
n+1 <1 n <0
m =m n=1
n >2,<m-1 2<n<m-—1
n+2 =m+2 n=m
n =m+1 n=m-++1
n+1 >m+3 n>m-+2

if m =2 and

n—1 <0 n<l1
n—1 =1 n=2
n =3 n=3
n—2 =2 n=4
n—1 >4 n>5

A7l (n) = if m > 3 and
n—1 <0 n<l1
n >2,<m-1 2<n<m-—1
1 =1 n=m
n =m+1 n=m-+1
n—2 = n=m-+2
n—1 >m+2 n>m+3
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(s0A~")(n) =

n
n
n+1
n—1
n
n
n+1
2
n+1
n—1
n

if m =2 and
n<l1
n=2
n=23
n=4
n>5
if m > 3 and
n<l1
2<n<m-—-1
n=m

n
n=m-+2
n

23

n
n
n
n+1
n—1
n
n
n
n+1
n—1
n—+1
n—1
n
n
n
n+1
n+1
2
n+1
n—1
n

I T A VAR R VAN
N F WO
IN

33
+ +
N

IVl

if m =2 and

n<0
n=1
n=2
n=23
n=4
n>>5

if m=3and
n <0
n=1
n=2
n=23
n=4
n=>5
n>06

if m > 4 and
n<0
n=1
2<n<m-—2
n=m-—1
n=m
n=m-++1
n=m-++2
n>m+3



mO 0 = AC(n) = (dosoA ) (n) =

24

n+1l <1
n+1l =2
n+2 =4
n+2 =5
n—1 =3
n+1l >6
n+1 <1
n+2 =3
n+3 =5
n—1 =
n+2 =6
n—1 =4
n+1l >7
n+1l <1

m =m
n+l >3
n+3 =m+2
2 =2
n+2 =m+3
n—1 =m+1

n+l >m+4

<m—1

n<0
n=1
n=2
n=3
n=4
n>5

if m =3 and
n <0
n=1
n=2
n=3

n =4
n=>5
n=>6

it m > 4 and
n<0
n=1
2<n<m-2
n=m-—1
n=m
n:m+1
n>m-+3



Negaditeration

n—1 <0
n—1 =1
n+1l =4
n—2 =
n—2 =3
n—1 >5
n—1 <0
n+l =
n—2 =
n+1 =5
n—3 =
n—2 =4
n—1 >6
n—1 <0

m =m
n—1 >2,<m-—2
1 =1
n+1l =m+42
n—3 =m-—1

n—2 =m+1
n—1 >m+3

25

if m =2 and
n<l1
n=2
n=23
n=4
n=>5
n>06
if m =3 and
n <1
n=2
n=23
n=4
n=>5
n==~06
n>"7
if m >4 and
n<l1
n=2

3<n<m-1
n=m

n=m-+1
n=m-++2
n=m-++3
n>m-+4



(s0ACD ) () =

n
n
n+2
n—1
n—1
n
n
n+2
n—1
n+2
n—2
n—1
n
n
m+ 1
n
2
n+2
n—2
n—1
n

[y

m+ 1
3,<m-—1

v I IA

[\]

m+ 3

|
3

m + 2
m + 4

IV

26

if m =2 and
n<l1
n=2
n=3
n=4
n=>5
n>6
if m = 3 and
n<l1
n=2
n=23
n=4
n=>5
n==~6
n>7
if m > 4 and
n<l1
n=2

3<n<m-1
n=m
m+ 1
m 4+ 2
m+3
m+4

n
n
n
n

IVl

n
n
n
n+2
n—1
n—1
n
n
n
n4+2
n—1
n+2
n—2
n—1
n
n
n
n+3
n
n—2
n+ 2
n—2
n—1
n
n
n
m—+ 1
n
n
2
n—+2
n—2
n—1
n

if m = 2 and

n<0
n=1
n=2
n=3
n=4
n=>5
n>6

if m =3 and
n <0
n=1
n=2
n=3
n=4
n=>=5
n==6
n>7

if m =4 and
n <0
n=1
n=2
n=3
n=4
n=>=5
n==6
n="7T
n>8

if m > 5 and
n <0
n=1
n=2
3<n<m-—2
n=m-—1
n=m
n=m-+1
n=m-+ 2
n=m-+3
n>m+4



mO2, — A(72>(n) = (A(fl)osoA(fl)il)(") =

27

n+l <1
n+l =2
n+2 =

n+3 =6
n+l =5
n—2 =3
n+l >7
n+l <1
n+2 =3
n+4 =6
n+2 =5
n+3 =7
n—3 =2
n—2 =4
n+l >8
n+l <1
n+3 =4
n+b5 =7
n+3 =

n—1 =3
n+3 =38
n—4 =2
n—2 =35
n+l >9
n+l <1
m =m

m+3 =m+3

n—+1 >4,<m-1

n+3 =m+2

3 =3
n+3 =m+4
2 =2

n—2 =m+1
n+l =2m+5

if m =2 and

n<0
n:l
n=2
n=3
n:4
n=5
n>6

if m =3 and
n <0
n=1
n:2
n=3
n:4
n:5
n==~6
n>7T

if m = 4 and
n <0
n=1
n=2
n=3
n:4
n="5
n=6
n:‘?
n>38

if m > 5 and
n<0
n=1
n=2
3<n<m-—2
n=m-—1
n=m
n:m+1
n:m+2
n2m+4



Negatriteration

if m =2 and
n—1 <0 n<l1
n—1 =1 n=2
n+2 = n=3
n—2 =2 n=4
n—1 = n=>5
n—3 =3 n==06
n—1 >6 n>"7
if m =3 and
n—1 <0 n<1
n+3 = n=2
n—2 = n=3
n+2 = n=4
n—2 =3 n=>5
n—4 = n==~6
n—3 =4 n="7T
n—1 >7 n>8
if m =4 and
(=2)—1 o n—1 SO n§1
AT (n) = n+4 =6 n=2
n+l = n=3
n—3 =1 n=4
n+2 =7 n=>5
n—3 = n==~6
n—»5 = n="7T
n—3 =5 n==~8
n—1 >8 n>9
if m > 5 and
n—1 <0 n<1
m+2 =m+4+2 n=2
m =m n=3
n—1 >3,<m-2 4<n<m-1
1 =1 n=m
n+2 =m+3 n=m+1
n—3 =m-—1 n=m-+2
2 =2 n=m-+3
n—3 =m+1 n=m-+4
n—1 >m+4 n>m+5
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(s0AC) 1) (n) =

n
n
n+3
n—1
n
n—2
n
n
n+4
n—1
n+3
n—1
n—3
n—2
n
n
n+5
n+2
n—2
n+3
n—2
n—4
n—2
n
n
m+ 3
m—+1
n
2
n+3
n—2
3
n—2
n

if m =2 and
n<1
n=2
n=3
n=4
n=>5
n==6
n>"7

if m = 3 and
n<l1
n=2
n=3
n=4
n=>5
n==~6
n="7T
n>8

if m =4 and
n<1
n=2
n=3
n=4
n=>5
n==6
n="7T
n=3y8
n>9

if m > 5 and
n <1
n=2
n=3
4<n<m-—-1
n=m
n=m-+1
n=m-+2
n=m-+3
n=m-+4
n>m+5
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n
n
n
n+3
n—1
n
n—2
n
n
n
n—+4
n—1
n+3
n—1
n—3
n—2
n
n
n
n+5
n+2
n—2
n-+3
n—2
n—4
n—2
n
n
n
n+6
n+3
n
n—3
n+3
n—2
n—>5
n—2
n
n
n
m + 3
m—+1
n
n
2
n+3
n—2
3
n—2
n

<o

=m+3
=m+1
>4,<m-2

if m =2 and

n<o0
n=1
n=2
n=3
n=4
n=>5
n==6
n>7

if m =3 and
n<o0
n=1
n=2
n=3
n=4
n=>5
n==~6
n="7
n>8

if m =4 and
n <0

n =
n=2
n=3
n=4
n=>5
n==6
n="7T

n =38
n>9

if m =5 and
n<O0
n=1
n=2
n=3
n=4
n=>5
n==6
n=7
n=3~8
n=9

n > 10
if m > 6 and
n <0
n=1
n=2
n=3
4<n<m-—2
n=m-—1
n=m
n=m-+1
n=m-+2
n=m-+3
n=m-+4
n>m+4+>5



mOCIn = A (n) = (AT 0s0A DY) (n) =

30

n+1
n-+1
n+2
n+4
n+2

n—1
n+1

n+1
n+2
n+2
n+3
n+4
n+2
n—1
n—>5
n+1

n+1
n+3
n+3
n+5
n+3
n—+4
n—3

n—6
n+1

n+1
n—+4
n+4
n+6
n+3
n+3
n+4
n—4
n—4
n—7
n+1

n+1

m+1
m+4
n+1
n-+3
n+3
n+4

n+1

if m=2and

n <0
n=1
n=2
n=3
n=4
n=>5
n==6
n>7

if m = 3 and
n <0
n=1
n=2
n=3
n=4
n=>5
n==~6
n="7

n > 8

if m =4 and
n <0
n=
n=2
n=3
n=4
n=>5
n==6
n="7T

n =38
n>9

if m =5 and
n <0
n=1
n=2
n=3
n=4
n=>5
n==6
n=7
n=3~8
n=9

n > 10
if m > 6 and
n <0
n=1
n=2
n=3
4<n<m-2
n=m-—1
n=m
n=m-+1
n=m+2
n=m-+3
n=m+4
n>m+5
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Postscript

I am translating 7 /A »S—{EE OEEILIR” which T wrote in japanese last year.
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