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Abstract

We examine the Weyl differintegral by first giving a representation of it
using contour integration. This contour integral allows us to talk about all
the complex fractional derivatives of some functions f(w) for w € RT. We
also further expand the Weyl differintegral of a smaller class of these func-
tions into a Taylor series. This gives an entire representation of d’f‘% (w)
as a Taylor series in w with coefficients that depend holomorphically on
z in a right half plane. We prove a theorem on uniform convergence
of sequences of differintegrals and we arrive at a parallel to Weierstrass’
theorem on the uniform convergence of holomorphic functions and their
derivatives. We give an application in the field of superfunctions or com-
plex iteration theory. In which we can generate a holomorphic and entire
superfunction of 1 satisfying certain restrictions. We also create a method
of analytically continuing a recursive sequence satisfying some holomor-
phic recurrence relation. Insofar as taking a, to A(z) where A(n) = an;

and where both satisfy the same recursive relation.
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1 Introduction

Fractional calculus has been a mathematical interest ever since Leibniz first

posed the question: what is <%-z? Or if such a thing even is possible. Con-

dx?2
temporaries of Leibniz considered it meaningless. Leibniz said, it was a paradox
that would be resolved with time. He had the foresight to think this and say
such a thing and he was quite correct. Euler showed interest in it and said (once

1
he discovered his famous Gamma function) that it should be dﬁ% T = %\/E
He also posed a definition for the fractional derivative of polynomzials but lacked
an analytic expression for the operator. These results were later investigated
further by Liouville and Riemann where both came to the operator that is now
called the Riemann-Liouville differintegral. They succeeded in doing what Euler
couldn’t. An analytic integral expression expressing the fractional derivative.
We point the reader to ([6], [11], [10]) for a strong resource on the Riemann-

Liouville differintegral. Liouville and Riemann however, also investigated what



is now known as the Weyl differintegral which is a specific case of the Riemann-
Liouville differintegral. Weyl however performed the most research into this
form of the operator and it has become named after him for such.

The Weyl differintegral was first applied on holomorphic sums of exponen-
tials by Liouville. Wherein it made sense to call the Weyl operator the ex-
ponential differintegral. Weyl investigated slightly different objects as he was
interested in periodic functions p(x + T') = p(z) satisfying fOT p(t)dt =0 ([8]).
His closed form expression applies on more functions than these periodic func-
tions alone and so it has many uses. We note that literature on the Weyl
differintegral is sparse and difficult to find. However we have found enough to
confidently explore the subject. For more of the history of Fractional Calculus
please turn to [10].

In this paper we explore the Weyl differintegral in the framework of a mod-
ified inverse Mellin transform, which allows us to get the Weyl differintegral of
suitable decaying functions. We retrieve two representations of the exponential

differintegral. Each has its advantages and its flaws, but both methods retrieve
g

a holomorphic function ¢(z) = -—
w=

f(w), which allows us to regenerate
0

d‘fu—zz (w) for w belonging to certain sets dependent on each representation we

fw) = | fw)] )

use. (d‘szz .
One of the advantages we get from looking at the Weyl differintegral is a
method of performing fractional iterations of recurrence relations belonging to
a certain class. Insofar as we can take a sequence with some holomorphic recur-
rence relation (i.e: asequence {a,}52, such that any1 = Fan_k, Gn_ki1, -, Gn)
where F' is holomorphic function) and turn it into a holomorphic function such
that it satisfies the same holomorphic recursion (f(n) = a, and f(s +1) =
F(f(s—k),f(s—k+1),..,f(s))). This technique allows us to find indefinite
products, indefinite sums, and superfunctions. All concepts of complex itera-
tion. The result is not apparent at first but once we prove enough theorems
we will familiarize ourselves with the concepts. From there we will see with the
theorems we present provide a competent manner of performing iteration. To
begin we bring about some necessary results we will use in our investigation.

Definition 1. The Gamma function I" is a meromorphic function defined on the
entire complex plane with poles at the nonpositive integers. The representation
we present is not the usual form, but is still well known.

I(z) = ;J n!((jfn) + /1 Tt (1)

The Gamma function satisfies the functional recurrence relationship, 2I'(z) =
['(z+ 1) and converges to the factorial for natural values, i.e I'(n 4+ 1) = n!. We
are given imaginary asymptotics of the Gamma function, which are:

ID(o +iy)| ~ V2me 7 T2y |7H 12y 5 o0 (2)



We point the reader to [1] for a substantial overview of the Gamma function
in fractional calculus. We also point to [2] which has some more results on the
asymptotics of the Gamma function as well. The Gamma function serves as a
catalyst for fractional calculus. The only ingredient that is just as necessary is
the Mellin Transform. This leads us to the Mellin transform, and our necessary
introductions revolving around it.

Definition 2. The Mellin transform M is a transform that acts on functions g
satisfying fooo lg(t)[t° =t dt < oo for some a,b € RU {+oo} dependent on g such
that a < o < b, then the Mellin transform of g is, for ®(z) = o

(M) = | gyt dr

0

We make the condition of absolute convergence on g so that we may apply
the inverse operator M~1 discovered by Mellin which brings us back to the
original function g.

1 o+i00 .
o0 =5 [ (Mo

And as well, conversely, if we start with the function g(¢) defined by the
integral on the right, and if it converges absolutely, then

/O T g0 dt = (Mg)(2)

for all @ < o < b, as before. We point the reader to ([3],[7]) for a more
comprehensive treatment on how the Mellin transform behaves. From this we
modify the Mellin transform to give us the Weyl differintegral.

Definition 3. The Weyl differintegral (exponential differintegral) % 18 a lin-
ear operator that interpolates the natural iterates of the derivative to complex
values. For our purposes (on entire functions) it is given by the modified Mellin
transform for some @ € R 0 € (—m, x|, on entire f satisfying (x € Q for some
open connected @ C C) [ |f(x — e?t)[t" "1 dt < oo with a < o < b, where
a,b € RU{xoo}. Then q € C for R(q) =0

d—? _ﬂ > i0yq—1
Wf(x)—r(q)/o Flo— ey d

Literature on the Weyl differintegral is sparse and tends to be difficult to find
however the author notes the following brief papers ([1], [4], [8], [12])—we note
our definition varies slightly but we show equivalence in a lemma. Moreover it
can be shown that if the following expressions are converging for some ¢,p €
Q C Cthat 225 47 () = L2 f(w) ([4]). We also note that ﬁf(w—i—

dw= 1 dw™P ~ dw—9P



t) = i (w+t) which implies that the Weyl differintegral commutes with the

dw?
operator T, such that T, f(w) = f(w + z) for z € C. The Weyl differintegral
satisfies the exponential as its eigenfunctions, i.e: dciqu M = N\ M Tt is

important to note the Weyl differintegral diverges for monomials and we get

that d‘fcf_qq v # Fflffij;i)l)xw"’q which is the opposite of what happens when we
use the Riemann-Liouville differintegral [6]. Since we do not reference one of

the results we will need, we prove them in a quick lemma:

Lemma 1. If f is analytic in some region including the sector {z € C: —1 <
0 < arg(—2) <& <7} and [J°|f(w— ex)[z"t < oo for w € Q where Q is
open, and for all o such that 0 < o <& then 6 < arg(B) < ¢ and for fw € Q.

dZ

o fBw) = f(Bw) )

d(Bw)

Proof. Let us take the line [0, Re®] followed by the arc Ap connecting to
[ReS,0]. Denote this sector by Sg. Then if R(g) > 0 we know [ f(w —
2)297 dz = 0. If R(q) < 0 then the integral is still zero because there has to
be a zero of order —a in f to cancel out the pole 227! contributes otherwise
the integral diverges and we arrive at a contradiction. Therefore | Sk flw =
2)2971dz = 0. We also note that limp , f(w — eR)R*~"¢ = 0 because
f = O(R™"). (These bounds follow by absolute convergence of the integral.)
Therefore for a < R(q) < b, fAR fw—2)29"tdx — 0 R — oo. This gives

that limp_ 00 foelsR flw—2)297 dz = limpr_,00 foelst(w — 2)297 1 dz. Imply-
ing €% [[¥ f(w — ex)x? dx = € [[¥ f(w — ex)dx. Therefore it is not
hard to see that integrating along a different line only brings about an expo-
nential factor. Therefore 1= f(Bw) = 5% g4 f(Bw) if 5] = 1 6 < arg(B) <
£, Assume now that E R* then: make the substitution Sz = u to get

fOOO f(Bw—Bx)ri~tdr = B9 fo (Bw —u)ud~t dz. This shows the result. [

Since the Weyl differintegral is a modified Mellin transform, this will be the

impetus for how we develop our new representation. It is also motivation for
d—1?

dx—1

introducing the inverse Mellin transform. If

a < R(¢) < b and the integral in di__q

(z) is analytic in the strip

(z) is absolutely convergent then we

have the following result:
" 1 o+1i00 "
fa—e) = o [ e L @ dg

Now formally take the derivative with respect to ¢t and we can see a very
convenient relationship:

d 1 o+ioco —q

. i d o
% [f(l' — ezgt):l = _% . F(q + 1)6 equ(x)t q-1 dq
g —100



This formal manipulation gives motivation as to why we will talk about the
transform on the right. To begin we start from this transform rather than the
differintegral expression and build some small results around it.

2 The analytic continuation of the Weyl differ-
integral of entire functions

Lemma 2. If ¢ is holomorphic in the strip a < o < b and satisfies the bounds:
|p(q)| < CeIS@DI for some 0 < o < /2 and C € RT then

.I'_z o+i00

ven) =5 [ T+l dg @
Tt Jo—ico

is meromorphic over the whole complex plane in z and continuous in x on the

positive real line with countable discontinuities.

Proof. Take the sequence of functions 1, for n € N

n

vn(a) = 5 [ Doty 2)olo + ig)e " dy
2 J_,

And fix z momentarily. By Mellin’s inversion theorem [3], if this integral
converges for a fixed z as n goes to infinity, it will be continuous in z with
countable discontinuities.-We show that it converges now. By the asymptotics
of the Gamma function (2). |T'(o + iy)| < Ce~7~™/2¥l|y|7=1/2_ Therefore the
terms in the integral are bounded by a decaying exponential as n grows. To
show this, take n > IV such that the function under the integral satisfies this
bound then:

n n
/ D(o £ iy + 2)¢(o £ iy)|dy < C / et WImm RSBy 4 §(2) 7R 12 gy
N N

The right side converges as n goes to infinity, which is a simple calculation.
It follows because the exponential decays faster than the monomial can grow
since 0 < a < 7/2. We note now, that when the limit is taken at infinity we
can shift the line of integration because o lives in an open set and o is arbitrary
by Cauchy’s theorem; this ensures that we are never integrating over a pole of
the Gamma function. We conclude that the function is meromorphic because
the bounds are uniformly convergent on compact subsets Q of C. To show
this we can find constants M;, M, K on each compact such that when we take
y € [N, 00) we get the inequality

OIS () |y 4 ()T HRE 12 < olyl /2t iy 4 g (Ko —1/2

This right side no longer depends on z, and in the integral converges just as
well as n grows, and so 1, converges to ¥ uniformly. 1 is therefore at best



meromorphic in z since the Gamma function is meromorphic. Continuity in z
with countable discontinuities follows again by Mellin’s inversion theorem. O

Theorem 1. If ¢(q) is holomorphic in the strip a < R(q) = o < b and |¢(q)| <
CeS@I for 0 < o < /2 and C € R then if (2, x) is defined as in (4) with
R(z) > —a. We then get:

L - 2, x)z? Vde = -z
g [ vt = ola-2)

foralla <R(g—2)<b

Proof. We know, |I(q + 2)¢(q)| < Cel@=™/Dlul|y|o+RE =3 for all o < R(g) < b
as |S(¢g)| = oo and so we can apply Mellin’s inversion theorem on

o+ioco
p(z ) 1/ P(q + 2)é(q)a dg

- Tm —100
in the strip a < $(q) < b because p(z,x) is defined by an absolutely converging
integral, however, ¥(z,2) = 2~ *p(z,2). And so the inversion applies on ¢) when
a < R(q— z) < b. We can evaluate this transform and see we get:

- / et de = T E T

T(q) I'(q)

This only works when R(z) > —a because otherwise the line of integration
passes over a pole of the Gamma function and the strip of convergence of the
Mellin transform changes. This is enough to show the result. O

The following corollary is very important and represents the statement that
the exponential differintegral can be represented with . It follows rather swiftly
and shows we have uncovered a new representation of Weyl differintegral.

Corollary 1. If v is defined by (4) then ¥(z,z) = ﬁ@b(o,x)

Proof. We will fix z again and worry only about the second variable of ¢. Firstly
we observe that for #(z) > —aand a < #(g—2z) < b we have - 2 __ih(z,x) -

(—2)~° o=
olg—z) = %1&(0@)‘ . because ¥(0,z) = f(—e?x). We also observe

that d(fi;;,qz/}(z, x4+ t)‘ ~ (2 —¢q,t). Which is the statement that the Weyl

z=
differintegral is transfer invariant. Therefore for R(z) > —a:

P(z,t) = d(f;)ziﬁ(o’x +1) o T d(d_zt)zw(ovt)



With these results we have analytically continued the Weyl differintegrals
of certain functions (on any line in the complex plane starting at the origin
and going to infinity) to the entire complex plane. We would like to extend
these results further so that we have a function that is entire and has complex
derivatives of all order and a subset of all complex integrals. In order to do this
we add more restrictions on ¢ and find a representation involving Taylor series.
We now give a Lemma analytically continuing the differintegral of f for certain
functions which allows us to talk about the function and its differintegral much
more.

Lemma 3. If f(w) = > .7, an% is an entire function and ¢(z) = di%
we

_fw)=
ﬁ IS f(=w)w*t dw converges absolutely for a < R(z) < b. Then ¢ can be
analytically continued to R(z) < b by:

o0

o) = 75 (;n,((‘ljn) [T st aw)

Proof. Take [;° = fol + /7. Then we know that-if R(z) > 0:

/1 f( ) z—ld _ i (_l)n /1 n+z—1d
. w)w w = an ] . w w

n=0
&,
N nzz;) "nl(z +n)

Where these steps are justified because f’s Taylor series has uniform conver-
gence on all of C. We observe that this expression is entire when we multiply it
by the inverse I" function. This is because the simple zeroes of 1/T" occur when

the simple poles of fol f(=w)w*~! dw occur.

For R(z) < 0 we note that —k — 1 < R(z) < —Fk implies that the first &
terms of our Taylor series for f are zero. This implies that fol fl—w)w* tdw =
ool an% holds for all R(z) < b

Observing floo we see that, quite apparently for € > 0 small:

N N
/ | f(—w)|w” ! dw < / |f(—w)|wb= " dw < oo
1 1

for any 0 < b— e < b. Therefore the limit as N — oo converges for all o < b.
The result follows. O

Theorem 2. If ¢(q) is a holomorphic function satisfying the bounds |¢(q)| <
CecB@I=05@ P for some 0 € (—m,7] and p >0, 0< < T as R(q) <b.
Then if for 0 < a < o < b we have f(—e?z) = 5L fﬁ_wo [(q)e~?¢(q)x~1dq

271 Jo—ico



then in z,w € C with N(z) > —b the following series converges uniformly on all
compact subsets.
dZ
dw?

Fw) =3 o(-n 2"
n=0 '

Proof. In order to show this let us take our new expression for the Weyl differ-
integral of f:

dZ
d(—x)*
le=®9¢(q)| < CeISEI+PIR(A and so therefore satisfies the conditions of
Theorem 1, and so ﬁf(femx) is a holomorphic function in z for %(z) > —b.
Now let us create the contour Cg, which is a semicircle to the left of the line

[c —iR,o + iR] taken in the positiv_e orientation. Denote the arc by Ag. We
show that as R — oo [, T(q+ 2)e"09¢(q)z=9"* dg — 0. Take 0 < x < e~ 177,

then by the asymptotics of €%4¢(q) and the asymptotics of the Gamma function

(2):

IT(q+ 2)e”?1p(q)z~9| < Celo™BDIS@I=ER@I| () 4 ()| R+ R(@)-1/2

o+1i00
fl—eiz) = L / T(q + 2)e®9g(q)a—" dg

2mi o—100

for some £ = —p — In(z) > 0. These asymptotics hold as £(q) — —oo by
observing Stirling’s formula which implies |I'(¢)| — 0 uniformly as R(g) — —oc.
(We point the reader to [1] and [2] for a statement of Stirling’s formula)

T = || T(g+2)e"p(q)z"dg|
Ar

/ ‘F(O’ + R,L-eit + Z)€7i0(0+iReit)¢(0’ + Z-Reit)xfafiRe“(iReit” dt
0

IN

IN

CR /71' e(04771~/2)|R cos(t)+3(z)|—&| R sin(t)+R(2)| ‘RCOS(t) + S(Z)|8‘E(z)+afsin(t)\R\71/2 dt
0

< (nK,R)elem™/DEeos(MI=E RN Reog () 4 F(2)|RE) Ho—sin()IRI-1/2

Where 0 < v < 7 is the point where the function in the integral achieves its
supremum and K, is some constant depending on z. As R grows, despite the
value of 7 or z, these bounds approach zero. Furthermore as the semicircle grows
it encapsulates more of the poles of the Gamma function. From our expression
of the Gamma function (1) T'(¢) = >, % + [ e tt971 dt. Where the
rightmost term is entire in q. The residues of our integral expression therefore

come out to, using Cauchy’s Theorem (ﬁ faA 2eA () d¢ = g(2)):

(—=z



|R/2—0c]
L(g+2)e Yp(qa 2 dg= > e’ p(—n—2)

n=0

(=2)"

% Cr n'

Where |R/2 — o] is the floor function. Letting R tend to infinity we find
this series converges, since along any line parallel to the real axis ¢ is bounded
by an exponential. Therefore we obtain:

1 o+i00

Dlg+ 2)e 14(q)a dg = 3 ¢(—n — myeitiarrm 2
n=0

27 n!

o—100

However this series on the right converges for all z € C and for all R(z) > —b.
Therefore:
dZ
d(—w)*

n!

Fleeu) = 3 gz — myeitetn (0
n=0

Therefore, since from (3) we have dff;zf(w) = fzﬁf(w). Our f satisfies
the conditions of Lemma 1 so that we get the final result:

dZ

dw?

Fw) =3 o(-n— )
n=0 '

2.1 Examples

We give a few small examples of differintegrals of certain functions.

1. If we take the function f(w) = e’ and we take § = arg(\) then % IS f(—ePw)yw ™t dw =

—z e W } 4 dw _ yz  \w oo N 4nw™
A™%. This shows that f=e = A\et =37 A0

2. Let us take the function f(w) = eww—_l We know that in the strip 0 <
R(z) < 1 we get ﬁ IS f(=w)w* ™' dw = . This implies for R(z) >

1—2"

w _ oo n

d* e“—1 _ __w"
—lweget g=—=> "4 nl(z+n+1)

3. If we take some polynomial p(w) = ZnN:o a,w" then ﬁ IS p(—w)e w1 dw =
ZTJLO an(=1)"2(z41)(2+2) - - (z4+n—1) for all R(2) > 0. Therefore Vz €
= o'} wk
C: zp(w)e” = 3 (Shlgau(z+R)(e+k=1)-(z+k—n+1)) 5




3 Sequences of differintegrals

Theorem 3. If {$, 52 is a holomorphic sequence of functions that converge
uniformly to ¢ on all compact subsets of H, where HH = {z € C;R(z) > —b}.
Which on top of |¢n(q)| < CePR@OIFTSDI gnd |¢(q)| < CerRDI+alSW@I for

some p > 0 and 0 < o < 3, then the dual holomorphic function in z and w

Gﬁu—zzfn(w) such that ¢p(—2) = % :of"(w) converges uniformly to %f inw

on compact subsets of C and in z on compact subsets of H

Proof. Firstly let us take the compact set K where w lives. Take the sequence
of partial sums

(52) fulw) = kfj_om—z o

Then take n > N such that |¢(—2) — ¢n(—2)| < € for all z € Q,, Where
Qm C Q1 and 2,2+ 1,242, ..., 2+ m € Qppy, Then, if |w| < R for all w € K:

dz dz m Rk m Rk
(5=) F=(5=) fal < ,; 6(~=— k) = du(—2 = W < S

dw? dw?

Then, by the bounds on ¢, we know that <£) f(w) = -4 f(w) uni-

formly. Take m > M such that |4 f(w) — (ddwzz) f(w)| < e. Furthermore by

dw?

the bounds on ¢,, we can take m big enough so that: |d‘fu—zzfn — ( d® ) fal <€
m

dw?

Then by the triangle inequality

d? d? d? d? d

L) @) < fw) = () F) () ) = () fuw)

dw?
d d
o faw) = (5=) falw)
< ¢ ﬁ+2)<e(eR—|—2)
k=0

Since € is arbitrary we see uniform convergence in z and w, with this the
result follows. O

Corollary 2. If g(q,w) is holomorphic and entire in w and and holomor-
phic in q on [a,b] C Q C C, and |-2= 0g(q,w)| < CelS@I+oRE] gnd

—z
dw w=

d‘szz g(q,w) is holomorphic on R(z) > —b then:

dz b b dz
W/ g(qyw)dqu Wg(q,w)dq

10



Proof. The expression

converges uniformly to f; g9(gq,w)dq
Take

d? " d? b—a . b—a
b= G ) = 2 ol H I

Setting w = 0 we see ¢, — ¢ uniformly, as it converges to f; Lﬁu—zzg(q, 0)dg.
0], || < CeXISEHPIREI - Therefore the previous theorem applies and the

result follows. O
Corollary 3. If ¢, = ¢ converges to & = Zk 0 @ uniformly and
|, (2)],|®(2)| < CeIS Z)|+p17m? ) for0 < a <7r/2 and p > 0 and ClinR*. Then

=&, then —ZF (w) — dwz — F(w) uniformly on compacts in

if oz Fa(w)|
w for each z with R(z) > —b, where & = quzF(w)’ And furthermore if

w=0
dwz fk( )

= ¢ then

w=0

= Z dT:sz(w)
k=0

Proof. This proof is an immediate consequence of uniform convergence. The
author leaves it as a simple calculation. O

3.1 Examples
1. Asasequence of sums, f(w) =e® —1 =37 £ sothat F(Z fo (—w)w*~tdw =

Soo¢ . This is clearly a uniformly convergent sum and we leave the

boundedness condition as a calculation so it is not difficult to see that

e 1= T T

dw?® k=0 k! n=0 n!

2. As a second case, consider a function defined by a fourier transform f(§) =
75 g(Qe?m¢ d¢. Then if [7_|g(Q)I[¢[*®) d¢ < CelSEITPRE for
R(z) > —b then:

oo

¢ :
%f(é) = (—27Ti)z/ g(¢)¢Te e dg

— 00

11



4 Applications in solving for analytic functions
that satisfy recursive relationships.

4.1 A result on superfunctions

A superfunction is a nonstandard, fairly new concept to arise in modern math-
ematics and the word itself has a very recent history. It is a rather intuitive
concept to imagine, however it possesses quite a difficulty in being handled.
Typically the concept arises in logic, or recursion and is only beginning to arise
in complex analysis. We point the reader to the following literature if they wish
to further research on the matter [5]. There are a various number of papers here
by Dmitrii Kouznetsov all on various subjects involving superfunctions. We give
a definition of what a superfunction is and jump straight into the result. We
note superfunctions arise more often than not as a pure mathematical vein and
therefore their use is usually for math alone. However there have been known to
be applications in physics (the growing mass of a rolling snowball) but because
of the general difficulty of finding the superfunction of a function f there has
been a limited amount of work been put into the field. Even finding the super
function of a simple function like p(x) = 2® — 1 proves to be quite intricate.
Though the author does not squander the work that already exists—it is simply
apparent that the concept exists in a niche.

Definition 4. If ¢ is some holomorphic function, such that for open and con-
nected K,Q, ¥ : Q — K, then if the holomorphic function ¥ : K — § satisfies
the relationship (¥ (2)) = U(z+ 1) for z,z+ 1 € K then ¥ is called a super-
Sfunction of .

Some noteworthy examples of superfunctions are the functions ¥ (z) = ez
then ¥(z) = e*. And also ¢(z) = z + e then ¥(z) = ez. Schroder also showed
that if ¢ (2) = 222 — 1 then ¥(2) = cos(27¢) where ¢ is fixed. Many different
superfunctions exist for a single function. We can note that if p(z) is one periodic
and p(0) = 0 then ¥(z+p(z)) is also a superfunction of ¢p. Therefore uniqueness
is very often an issue needed to be dealt with when talking about superfunctions.
We will be a bit casual in our treatment of our uniqueness conditions but we
note that our definition ensures a unique solution we simply avoid proof here.
The method by which superfunctions are solved typically involves complicated
iteration techniques from advanced complex dynamics. This is not the case for
the method we are about to introduce. It is very surprising to see superfunctions
arise so naturally and simply using Weyl differintegral calculus.

The reader will take care to note the generality of the methods used and the
fact that this technique can be modified to work on different functions as well.
We only iterate basic functions because the result follows almost wholly from
Theorem 2 and it still displays the proof method very clearly. We make a note
on notation: ¥°(c) = c ¥'(c) = ¥(c) ¥*(c) = ¥(d(c)) ¥*(c) = ¥(¥(¥(c))) -....
So that we are talking about iterates of a function. It is very common to write
¥*(c) = ¥(z) for some ¢ € C. This shall be the notation we adopt.

12



Theorem 4. If ¥"(§) : C — C is entire in & for all n, and if H(w) =
S0 0V s entire in w and [ [9(—w)|lw" Tl dw < oo for a < o < b
then if R(z) > —b

U(z) = F(iz) {id’"(f)(_l)l) + /100 I(—w)yw = dw} (5)

nl(n —
and if |U(z)| < CeSEHAREN and if |1h(V(2))| < CeISEIHPREN for some

0<a<m/2andp >0 then we get PY(V(z)) = ¥(z+1). So that ¥ is a super
function of i

Proof. Tt is not difficult to see that, for a < o < b by Theorem 2 that:

1 o+1i00
I(2)¥(1—2)w *dz =9 (—w)

o —100

And very well from Theorem 2, knowing that ¥(—n) = "™ (§):

2mi

1 o+1i00

L P de = 3 w(w(—m) "

(—w
|

2T J o _ioo n

— Z ¢"+1(§)M
n=0

n!

— V(-w)

Now the inverse Mellin transform is one to one-since ¢’ (e") is represented
by a Fourier transform and the Fourier transform is one to one. This shows that
the two functions must be equal. This shows the result.

O
4.2 Examples

1. Take ¢(z) = dz and ¢ = 1 then ¢"(c) = d" and f(—w) = >, >, d" (7;”!)11 =
e~% Therefore:

1
L(z)
And quite so ¥(z) = d* = ¢*(1)

[e.¢]
/ el dw = d=*
0

2. As another simple example take ¥(z) = z+d and ¢ = 0. Then ¢"(0) = nd
and f(—w) = dZZO:On(iw) = (—dw)e™™. And so

n!

d

YT

o0
/ (—w)e ™ w*tdw = —dz
0
So that we get the result we wanted.

13



3. We can also solve for ¢(&) = dé +r. It is clear that ¢"(€) = d"¢ 4 ri=4

—d
Therefore: >~ , z/J"(f)% =e (¢ - ) + e Giving:

r )+ r
1—-d 1-d

P*(e) = d*(§ -

We will expand more on these results in the proceeding paper and examine
more complicated functions iterated. We will also show the different ways we
can nest coefficients so that we can manipulate these functions more cleverly.

4.3 Analytic recurrence relations

In this section we bring forth a theorem on analytically continuing a sequence
satisfying a recursive relationship to a holomorphic function that satisfies the
same recursive relationship. We see that this result again plays in the field of
pure mathematics and is a mathematical interest more than an applied tool. It
shows a strong connection between recursion and the Weyl differintegral and
shows a very quick way of analytically continuing recursive sequences.

Theorem 5. If we have some sequence {a,}52, such that it satisfies a re-
currence relation: apyr+1 = F(an, ..., anyp, —n). Where F(z1, 29, ..., 2k,() is

entire in 21,22, ..., 2, (. Furthermore, if: f(w) = Y 7o, an %y s entire and
fooo |f(—w)|w” ™t dw < oo for a < o < b and ¢(z) = di%‘ f(w) is holo-
0

morphic for R(z) < b and satisfies |¢(z)| < Ce®ISE+PIRE - g5 well F(p(z —
k), p(z—k+1),...,0(2),2) is holomorphic on R(z) < b and satisfies |F(¢p(z —
k), p(z—k+1),...,0(2),2)| < CeSENIFARG for some 0 < o < /2 and p > 0
then:

Pz —k—1)=F(¢(2),0(z = 1),....,¢(z — k), 2)

Proof. The proof of this result follows very similarly to how it followed for

Theorem 4 on superfunctions. Plug in the integral expression and we know
that:

1 o+100

i) D(2)p(z —k — Dw™?dz = fEFD (—w)

And we know that ¢(—n) = a,, and that, by Theorem 2:

1 o+1i00

=
N
|
=
o
=
®
QL
g
I

27” o—100

> n
—w
ST
n=0 :

= [ ()

14
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§ F(an7an+1;“')an+k}?_n)
n=0

—w)"
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Therefore since the inverse Mellin transform is one to one,

¢(Z — k- 1) - F(¢(z - k)v(b(z —k+ 1)’ ,(;5(2),2)

4.4 Examples
1. Our first example will be recovering the Fibonacci sequence. If ag = 1 and
ar=1and a, = ap_1+ ap_o = d’n\;g’n where ¢ = 1+T‘/5 and ¢ = 1_7‘/5
Therefore:

n=0

S

Therefore as we suspect:

a7
dw?

_ 9T Y7
w:Of(w) - \/5

Which is Binet’s formula for the analytic continuation of the Fibonacci
sequence. This method will apply generally on linear recurrence relations,

since their solutions are exponentials. The reader can see the more general
result by observing [9].

2. Our second example will be ag = 0 and a,, = a,_1 +n = "(nT_l) Quite
clearly: f(—w) = “’2371” so that
d? z(z—1)
dwz w:Of(w) B 2

3. As a result we can pull from a hat that is more complicated. We can take

d= 7 _ 1 . . ..
2 |, f(w) Wi which satisfies the conditions of Theorem 2. So
that:

oo n

fw) =Y =

n=0

is Weyl differintegrable on all of C. And it satisfies:

1 d? dz+1

g W] = e )]

Which is the same recursion that its Taylor coefficients satisfy ﬁan =
an+1. We note we use the principal branch of the square root function.
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5 Final remarks

As a final remark we note that we have investigated and shown a useful form of
the Weyl differintegral in terms of a contour integral with the I' function in the
kernel. We have only scratched the surface of how this operator shall behave on
more intricate functions. Introducing more complicated theorems we are able
to analytically continue many recurrence relations, including: superfunctions,
continuum sums and continuum products. All of which require a strong intimacy
with the Weyl differintegral. We hope to express more in the next paper now
that we have laid the first brick of our foundation in the subject of Weyl calculus.
We hope the reader has found some tool in the paper and we appreciate the
reader for reading it and hope again that it sparked some interest. We close in
anticipation.
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